Abstract. In this short paper, we show that the peeling property still holds for Bondi-Sachs metrics with nonzero cosmological constant under the new boundary condition with nontrivial B, X, Y obtained in [6] . This should indicate the new boundary condition is natural. Moreover, we construct some nontrivial vacuum Bondi-Sachs metrics without the Bondi news. This provides a new feature of gravitational waves for nonzero cosmological constant.
Introduction
The full nonlinear theory of gravitational waves was established until the work of Bondi, Sachs, et al. in framework of Bondi-Sachs metrics [1, 2] . Lately, the theory was re-formulated by Penrose in a more geometric notion of conformal compactification of spacetimes [3] . However, they were well-studied only when the cosmological constant Λ = 0. In this case, by assuming Sommerfeld's radiation condition, there is a natural boundary condition to make the vacuum Bondi-Sachs metrics asymptotic to
where u is retarded coordinate, r, θ and ψ are polar coordinates, M, c, d are smooth functions of u, θ, ψ defined on R × S 2 with regularity condition 2π 0 c(u, θ, ψ)dψ = 0 for θ = 0, π and for all u, l = c ,θ + 2c cot θ + d ,ψ csc θ,l = d ,θ + 2d cot θ − c ,ψ csc θ.
The functions c, d are the Bondi news which characterizes the presence of gravitational waves. Geometrically, they measure the deformation of standard 2-sphere as a result of gravitational waves. The Bondi energy-momentum defined on u-slice is probably the most important feature of the nonlinear theory
where n 0 = 1, n 1 = sin θ cos ψ, n 2 = sin θ sin ψ, n 3 = cos θ. The famous Bondi energy loss formula asserts [1, 2] 
3 (u) = 0, then it was improved to the Bondi energy-momentum loss [4, 5] 
Therefore the Bondi energy-momentum can be viewed as the total energy-momentum measured after the loss due to the gravitational radiation up to that time.
It was shown, under this natural boundary condition, the Weyl curvature components of Bondi-Sachs metrics satisfy the peeling property
in the case Λ = 0. This property is crucial for constructing wave forms in numerical simulations.
As cosmological observations indicated that the universe has a positive cosmological constant, it has been studied extensively for the nonlinear theory of gravitational waves in recent years, e.g. [6, 7, 8, 9, 10, 11] . In [6] , a detail asymptotic analysis of Bondi-Sachs metrics was provided. By assuming again Sommerfeld's radiation condition, which is natural in numerical simulations, the new boundary condition with three additional functions B, X, Y were discussed and, in particular, the nonzero Bondi news causes X, Y to be nonzero. In [7] , an alternative boundary condition was provided in the axi-symmetric case, without assuming Sommerfeld's radiation condition, but deforming 2-sphere with certain factors involving in cosmological constant. In a series of papers [8, 9, 10, 11] , asymptotics with a positive cosmological constant was discussed in framework of Penrose, and the linearization theory as well as the quadrupole formula were also derived. Some revelent works on the linearization theory can also be found in [12, 13, 14] .
In this short paper, we show that the peeling property still holds for Bondi-Sachs metrics with nonzero cosmological constant under the new boundary condition with nontrivial B, X, Y obtained in [6] . It is somehow surprising as the Bondi-Sachs metrics do not seem to be (anti-)de Sitter at infinity in current situation. But the peeling property should indicate the new boundary condition is natural. Moreover, we construct some nontrivial vacuum Bondi-Sachs metrics without the Bondi news. This provides a new feature of gravitational waves for nonzero cosmological constant, and it implies some class of gravitational waves may be missed in detection by measuring the Bondi news in the case of positive cosmological constant.
Natural boundary condition
Suppose a spacetime has a family of non-intersecting null hypersurfaces given by the level sets of smooth function u. We choose coordinates x 0 = u, x 1 = r, x 2 = θ and x 3 = φ where r is a luminosity distance along the null rays. Following from [6] , Bondi-Sachs metrics [1, 2] , even with the nonzero cosmological constant Λ, are
cosh 2δ sinh 2δ sin θ sinh 2δ sin θ e −2γ cosh 2δ sin 2 θ , β, γ, δ, V , U, W are functions of u, r and points on unit 2-sphere parameterized by θ, φ, i.e., they take the same values at φ = 0 and φ = 2π.
Now we study the vacuum Einstein field equations R ij + Λg ij = 0 If we assume Sommerfeld's radiation condition, i.e., γ, δ can be expanded as follows
r 4 with the regularity condition 2π 0 c(u, θ, ψ)dψ = 0 for θ = 0, π and for all u, then we can obtain the following asymptotic expansions [6] ,
If the cosmological constant Λ = 0, then X, Y must be zero, and B can be chosen to zero by suitable coordinate transformation [1, 2] . However, when Λ = 0, the situation is completely different. If the Bondi news c, d are nonzero, they will cause X, Y to be nonzero according to the above equations. Moreover, B can not be transformed to zero in general. This provides a new boundary condition. In this case, we let X = Λa sin θ, Y = Λb sin θ, the above equations give
and a, b can be determined uniquely by B, c, d up to some functions ρ(u), σ(u).
Peeling property
In this section we show the peeling property still holds for the new boundary condition when the cosmological constant is nonzero. This is somehow surprising as the new boundary condition does not indicate the Bondi-Sachs metrics are de-Sitter or anti-de Sitter at infinity.
Choose the null tetrad of Bondi-Sachs metrics
∂ ∂φ
with the dual tetrad ω 0 , ω 1 , ω 2 , ω 3 . Then the metric is
The structure coefficients of the tetrad is denoted by C k ij which satisfy the commutation conditions [e i , e j ] = C k ij e k . By the basic formula of Riemannian geometry 2
the connection coefficients and the structure coefficients satisfy
The vacuum Einstein field equations show that the Weyl tensor C ijkl satisfies
The Newmann-Penrose quantity Φ k , k = 0, . . . , 4, are defined by
Peeling Property: Under the boundary condition with nonzero B, X and Y , 
Gravitational waves without the Bondi news
In this section we construct some nontrivial vacuum Bondi-Sachs metrics with γ = δ = 0. Hence the Bondi news is zero. As in [6] , taking the axi-symmetric Bondi-Sachs metrics with X = 0, Y = sin θσ(u), M = τ (u)e −4B , then the metrics
are vacuum if and only if B(u, θ) satisfies
For any function |C(u)| > 1, we choose
It is easy to check that this B satisfies the following equation
Now we derive σ so that the equation (4.2) holds. For the above B and M,
Thus (4.2) reduces to
As τ , σ, C are functions of u, it gives
where m is constant.
Substituting them into (4.1), one gets the following regular, exact vacuum BondiSachs metrics without the Bondi news
Appendix
The formulas of Ψ 5−k k 0 are as follows. 
